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Heat Transfer
Topics and questions:

 Cooling time  –  “R  in  t = RC ”
 Protection from external heating
 Thermometer reliability
 Existence of several temperatures:  Te, Tph, Tn, ...
 Relationship between heat capacity and thermal conductivity
 Relationship between electrical and thermal conductivity

Sources:

P.V.E. McClintock, D.J. Meredith,
and J.K. Wigmore,
Low-Temperature Physics: an introduction 
for scientists and engineers (1992)

F. Pobell,
Matter and Methods at Low Temperatures 
(2007)

Hot
T?

Cold

Q̇ q̇
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Mechanisms
– Thermal conduction

•  lattice vibrations (phonons)
•  conduction electrons (Fermi gas)
•  gas particles (“vacuum”)

– Thermal radiation (vacuum)
– Thermal convection (flow i.e. mass transfer)

Thermal conductivity k  relates temperature gradients T to heat 
currents dQ/dt:

dQ/dt = – AkT (k = Cv2t /3)

Simple sum rules: (carrier  n / scattering effect  i   =>  t ni) 
1/t n = 1/t n1 + 1/t n 2 + ... (Mathiessen rule, sum over  i)
r n = r n1 + r n 2 + ... (k n = 1/r n)

k = k 1 + k 2 + ... (sum over  n)
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An analogy
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Heat capacity and thermal conductivity

Kinetic theory relates the two (diffusion problem):

  Series 
expansion

In 3D:  and  

=>

Q̇
A
=

1
2

nv {E [T x−ℓ ]−E [T xℓ ]}

x

Hot Cold
ℓ ℓ

Q̇
A
=

1
2

nv {E [T x]
dE
dT

dT
dx

−ℓ −E [T x]−
dE
dT

dT
dx

 ℓ }

=−nvℓ
dE
dT

dT
dx

=−nv2


dE
dT

dT
dx

〈v x
2
〉 = 〈v y

2
〉 = 〈v z

2
〉 =

1
3
〈v2

〉 C = n
dE
dT

 =
1
3

Cv2
 =

1
3

Cvℓ



Cryocourse 2016 / Aalto University / Heat Transfer - J. Tuoriniemi 5

Phonons
Continuum approximation  C  ℓ

• v is constant (speed of sound)
typically  ~ 3 – 5 km/s

• specific heat:
Debye theory

• mean free path:

3NkB

(T/TD)3

scattering
from defects
T << TD

phonon-
phonon
scattering

} Thermal conductivity
has a maximum at  

T/TD ~ 0.1  

k

~ TD/10

T3

T

=>

T

T

pure

dirty
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Examples

•  Thermal conductivity of insulators (due to phonons) 
depends crucially on the crystal quality

•  Big flawless single crystals may conduct as well as metals
•  Amorphous solids have poor thermal conductivity
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Conduction electrons

– v = vF  ~ 100 ... 1000 km/s
– specific heat   C  T   (Sommerfeld theory)
– mean free path:

high  T: electron-phonon scattering;
T  increase  =>  more phonons  =>  k  decreases

low  T: scattering from defects and impurities
ℓ  is constant,  k  Cv ℓ  T

=>  kel  displays
a maximum
at around  10 K

k

~ 10 K

T
T
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Superconductors
Cooper pairs do not contribute to thermal conductivity  (CCP = 0)
Only normal electrons do and their number decreases 

exponentially far below  Tc

n  e – D /kBT 
    =>  k  Te – D /kBT ~ Te – 2Tc/T

Magnetic field
can be used to
destroy the super-
conducting state

Used as
heat switches!



Cryocourse 2016 / Aalto University / Heat Transfer - J. Tuoriniemi 9



Cryocourse 2016 / Aalto University / Heat Transfer - J. Tuoriniemi 10

Practical formulae for heat flow

Metals:  k = k 0T  for  T < 10 K

Insulators:  k = bT 
3  for  T < TD /10

Q̇ =−A
dT
dx ∫
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L
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T 2
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4
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Note !!
do not use the linear
approximation
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Higher temperatures

Use tabulated conductivity integrals, when the range of 
temperatures is large (e.g. from RT to 4K)

=>

 =
1

T 2−T 1
∫
T 1

T 2

 T dT

Q̇ =
A
L
(T 2−T 1) κ̄ 

T 1=4 K

in units W/m



Cryocourse 2016 / Aalto University / Heat Transfer - J. Tuoriniemi 12

Thermal (k ) and electric (s ) conductivities
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Wiedemann-Franz law

Condition for validity:
Both electric and thermal conductivities must be
limited by the same scattering process

•  works at room temperature (lots of phonons)
•  works at very low temperatures (defect scattering)
•  fails in between !




= L0 T = T 24.5 nWW/K2
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W-F failure at intermediate T

Schematic
of the idea
(after McClintock et al.)
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Ways to improve k

– Lattice imperfections can be
reduced by simple annealing

– Impurities deteriorate thermal
conductivity at low temperatures

Order of magnitude (for Cu) typically
• nonmagnetic:  ~ 0.1 nWcm/ppm
• magnetic (Cr, Fe, Co, ...)

~ 1 nWcm/ppm
(remember  s        k   by W-F)

As a measure of purity one often uses
the residual resistivity ratio:  RRR = RRT/R4K
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Oxygen annealing

In some cases (like Cu, Ag) magnetic impurities can be
largely neutralized by annealing close to the melting
temperature in low pressure oxygen atmosphere

• paramagnetic impurities
oxidize to ferro-
magnetic compounds

• oxide molecules cluster
into small crystals
(r ~ 0.1 mm)

=> less scatterers & smaller
scattering cross section
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Residual gas
1)  dense gas;  ℓ  <<  D  (size of the vacuum space)

molecules collide with each other
ℓ  1/p  (indep. of  T)
C  p (indep. of  T)
v   T 

1/2 (indep. of  p)
=>  k  is independent of  p  (but  T 

1/2)

2)  rarefied gas;  ℓ  >  D  (in fact effectively  ℓ       D)

Knudsen limit or molecular transport regime
no collisions between the molecules

=>  k   p

 =
1
3

C v ℓ

ℓ ≈
1

N a0
2
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Residual gas (cont.)
At  4 K  or below only helium has significant vapor pressure

Vacuum space may be contaminated by
– poorly pumped heat exchange gas
– small leak
– helium diffusion through dielectric (soft) materials

(rubber o-rings, epoxy feed throughs, glass-fiber neck, …)

Pressure as low as  p ~ 10 – 6 mbar  is detrimental, since

(dQ/dt)/W ~ a A/cm2 p/mbar DT/K,  with  a ~ 0.01  for He

For example: A = 600 cm2

T1 = 4 K =>  dQ/dt ~ 25 µW
T2 ~ 0

Vacuum can be improved by small activated charcoal pump in it

}
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Mean free paths at reduced pressures
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Thermal radiation (black body radiation)

Stefan-Boltzmann law

Real surfaces are not “black”
emissivity  e  (= absorptivity) is

obtained from the index of
reflectivity  R : e = 1 – R

e 1 e 2
T1 T2

A A

Q̇ = A T 4 ;  = 56.7
nW

m2K4

Q̇ = Aσ(T 1
4
−T 2

4
)

ϵ1ϵ2

ϵ1+ϵ2−ϵ1ϵ2

=> Aσ(T 1
4−T 2

4)

=> Aσ(T 1
4−T 2

4)ϵ
2

[1=2=1]

[ϵ1≈ϵ2=ϵ≪1]

. Q̇



Cryocourse 2016 / Aalto University / Heat Transfer - J. Tuoriniemi 21

Thermal radiation (cont.)

Operates even through
perfect vacuum

Important above  ~ 1 K
(dies away as  T 

4)

To reduce its effect:
• Shiny surfaces;

(high emissivity)
silver coating

• Superinsulation;
aluminized mylar

• Multiple fixed
radiation shields
77 K, 4 K, 1 K, 0.1 K

Dewar bottle
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4He above  T   ~ 2 K and 3He above ~ 0.1 K behave more or less
like classical gases with  k  T 

1/2

4He at  ~ 1 ... 2 K  has huge thermal conductivity because of
normal-superfluid counterflow

Below  ~ 0.5 K  ballistic
phonons result in  k  DT 

3    

Helium fluids
l
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3He
3He and helium mixtures at low temperatures (T << TF) are

fermi systems with

ℓ  1/T 
2

v = vF

C  T

=>  k  1/T
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Reference
table for
thermal
conductivities
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Isolation and contact
•  ISOLATION from the “hot” environment

1) thermal conduction
– support structures
– measurement wiring
– residual gas in the vacuum space

2) thermal radiation
3) power generated in the low temperature assembly

– mechanical vibrations
– electromagnetic interference
– measurements themselves
– etc …

•  CONTACT between samples, thermometers and refrigerants
– proper choice and preparation of the materials
– joints and contact resistance
– effects of thermal expansion
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Ranges of temperature

Problems at high-T and low-T stages are different

T-range: 100 … 1 K 1 … 0.01 K 10 … 0.1 mK ...

Cooler: He bath/pulse tube dilution fridge nuclear demag.

Typical size: 20 … 200 kg 5 … 50 kg 1 … 5 kg

Typical power: W … mW mW … µW µW … nW … pW

Main source: radiation/ conduction/ dissipated power
conduction dissipation

CONTACT: quite easy some trouble difficult

ISOLATION: bit difficult quite easy quite easy
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Heat switches
Needed for:
1)  Initial cooldown from room temperature

– huge amount of heat must be removed
– low-T  stages effective only below certain  Ts

Usual method: heat exchange gas in vacuum space
– N2 or Ne to below  100 K, 3He to  10 K
– pump vacuum space carefully!
– small activated charcoal pump can improve the vacuum
Mechanical swiches may be used in pulse tube coolers

2)  Precooling/isolation of single shot cooling stages
– demagnetization cooling (conventional or nuclear)
Superconducting heat switch
– effective below  Tc/T ~ 10  (usually  < 0.1 K)
– switching ratio  > 106  with a proper design
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Superconducting heat switch
Switching element can be  Al, In, Sn, Zn, Pb, … 

(Tc ~ 1 K,  Bc ~ 10 … 100 mT)

Diffusion
welding
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Kapitza resistance

Thermal coupling between liquid helium and solid substances

1) helium as the cooling agent at mK-temperatures
2) helium as the object of study down to  ~ 0.1 mK

– heat is carried across the boundary by phonons
– phonons don't easily cross the interface (acoustic mismatch)
– critical angle due to Snell's law:  ac = arcsin vh/vs ~ 3o

– phonons within the critical cone:  f = sin2ac/2 ~ 10 –3

– power transmission is obtained as (acoustic impedance  z = r v):
t = 4 zh zs/(zh+zs)2 ~  4 r h vh /r s vs ~ 2.10–3

=> fraction of phonon energy getting through:  f t < 10 –5
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Kapitza resistance (cont.)

Debye theory gives the energy flux

Resulting in the Kapitza resistance  (for  DT << T )

Valid for  T ~ 10 … 200 mK

Q̇
A

=
π

2 k B
4 T 4

ρh vh

30ℏ
3
ρs v s

3

RK =
ΔT
Q̇

=
15ℏ

3
ρs vs

3

2π
2 k B

4 T 3 Aρh vh

∝
1

AT 3

    He mixtures

Pure 3He
to metals

3He to
some plastics
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Kapitza resistance (cont.)

Use fine silver powder sintered on copper or silver surface
to significantly increase the surface area (→ tens of m2)

Particle size  40 … 1000 nm
Compressed by factor  ~ 0.5
Heated gently (160 … 200 oC)
=>  typically  ~ 2 m2/g

Not more than  ~ 1 … 2 mm
thick layer!
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Thermal expansion

Shrinkage is substantial  (RT … 4K):
–  dielectrics  1 … 2 %
–  metals  0.2 … 0.4 %

Some special compounds have very small expansion/contraction
–  Duran/Pyrex glass
–  Invar steel

Most shrinkage occurs from RT to LN2 temperature
Inportant to stress test leak tight joints & electrical contacts by 

thermal cycling between RT & LN2 before actual use
Pay attention to proper order when making pressed joints or tubular 

connections from dissimilar materials
Steel – copper – brass from small shrinkage to large
“Black Stycast” epoxy  (2850)  has smallish expansion coefficient

=> good for casting on metals
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